VARIOUS CALCULATIONS FOR THE CONTINUOUS ELECTRICAL
CONDUCTIVITY PROBLEM

JAMES HART AND MATT ROBINSON

This paper is the joint work of James Hart and Matt Robinson. It contains all of the
calculations of the various ideas with which we were working. It involves a brief attempt at
finding a Green’s function for an assumed radial conductivity. The latter two sections are
trying to find Green’s functions or representations of solutions (or weak solutions) to the
conductivity equation by iteratively defining solutions to Poisson’s equation and applying
a limiting procedure.

1. RAapiaL CONDUCTIVITY

For the electrical conductance problem in R"™, we have D(yDu) = 0. Where both
v,u : R” — R. Now, for the following calculation we assume that v, u are both sufficiently
smooth, and impose that v, u are radial from the origin.

Then,
r=lol=(af+- +23)
and
or xj
dz; v

Now define, u(r) :=v(z) and v(r) := u(z). So we obtain,
Du(z) = UI(T‘)E.
r

After substituting, our PDE turns into,

D(yDu) = D - (u(r)v'(r)~)

= W ()0 (1) =5 () () =5 () () = () ()

Multiplying by "1,

L))+ ) )+ 2 = D)o/ () = 0
And thus forn > 1
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yielding
" L(r)v’ (r) = constant.

" 1
v(r) = k/a mds,

for some constants £ and a. So define the “fundamental solution” to be

||
“H(z)" = H(Jz]) = ln) / L,

() Jo 5 I(s)
where w(n) is the volume of the unit ball in R™. Similarly for some fixed y € R", z —
H(x —y) = H(|Jz — y|) is also y-harmonic.

Notice, that if we take ¥ = 1 we obtain the Newtonian potential (up to an additive
constant).

Now suppose 2 C R” is open, bounded and that 92 is C''. Suppose u € C?(2), and H
is defined as above; that is, D(yDH) = 0, if 7 is assumed to be radial). Fix z € Q and let
B(z,e) C Q for some sufficiently small € > 0 (since H(y — =) has singularity when y = z).
Define V, := Q\ B(z,¢), so OV, = dB(z,€) UIN. So the use of Green’s theorem gives us
the following:

/ u(y) Dy — 2)DH(y — ) — H(y — 2)D(3(y — ) Du(y)dy =

Ve

So we have that

— | Du(y) -y(y—=x)DH(y —x) — DH(y — x) - v(y — ) Du(y)dy

Ve
+ /8‘/6 u(y)y(y — x)%i](y —x) = H(y —z)y(y — x)?:(y)da(y),

where v is the outward unit normal. Now consider,

[ i -0 S doty)
OB(z,¢€) v

= | H(E)V(E)a*(y)da(y)l
OB(z,¢) v

<H@O) [ |Duly)-vldo(y)

OB (z,¢€)
n—1

sup |Dul
OB(x,e€)

= H(e)y(e)nw(n)e

Now,
1 € 1
H(e) = d
0= o |, 7w

S0
n—1 n—1 ‘ 1 n—1 <1 n—1 1 1
" nw(n)H(e) =€ —ds <€ M —ds =Me" (——5———) > 0ase—0.

o $"1(s) o 5" "= an
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Hence,
ou
| H(y —2)v(y — )5 (y)do(y)| = 0 as e = 0.
OB (z,¢€) v
Next, we’ll consider
OH
/ u(y)y(y — 2) 5 - (y — x)do(y)
O0B(z,¢€) v
First we’ll note that
1 Yy—T

DH{y ~) = nw(n) |y — z["y(y — x)

and v, the outward pointing unit normal is

y—x

y=— (c= |y~ ).

Thus,

Py 1 y—xz z—y 1 € 1 1

o (y—=) (y—z)-v nw(n) ey(e) e nw(n) ety (e) nw(n) e*~1y(e)
Thus,

OH 1 1
/BB(M) u(y)v(y — x)a(y —z)do(y) = neo(n) /83@,6) u(y)*y(e)mdg(y)

o ),
=——— u(y)do(y) = —u(x) as e — 0.
n(")(n)en ! OB (z,e€)
Now, by recalling that D(yDH) = 0 away from z our above integral equation turns into
OH

— | H(y—2)D(y(y — z)Du(y))dy = / uy)y(y —z) 5 - (y —x)do(y)
Ve 15)9)

[ty =0 wdoty)
OB(z,e€) v
ou

— | H(y—x)y(y— w)g(y)da(y)
o2
ou

+ /83(%6) H(y —a)y(y —x) 5 (y)do(y);

so taking ¢ — 0 and applying our two previously calculated integral equalities, we obtain

ou

— [ H=0)DOG-2)DuNdy = [ syl (r-0)— o)1 (-2) 51 ()do(w)+ulz)
Q [2/9)

or rearranged

uw) = = [ Hu-0)D0 -2 Duty)dy+ | -0 H 25 )0 G, (v-2)ldo(0)
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Let’s assume  as before and u € C%(Q). Define a corrector function ¢*(y) such that it
satisfies

D(vD¢") =0 in
¢* =H(y—x) ondQ’

Applying Green’s theorem to ¢*, u in a similar fashion,

/U( )D(v(y—z)D¢* (y))—¢" (y) D(y(y—z) Du(y))d =/ (y—=)[u( )%( —¢"( )au(y)]d ®))
L uly Y(y—x)Do"(y y)D(v(y—x)Duly))dy mvyfcuyayy(byay a(y)),
and now after inserting the requirements of ¢*,

—/ ¢$(y)D('V(y—ﬂf)DU(y))dy=/ v(y—w)[U(y)%x(y}—H(y—x)%(y)]do(y)
Q 90 % v

Adding to our previous integral result for u(x) we get,

u(a) = — / H(y — 2)D(1(y — 2)Duly))dy + / & (4) D(+(y — ) Du(y))dy
9] Q
+

[ atw=alt - 050 —uln) 5 v - 2)ldo(y)
o0 v v

[ o= ot G 0) - ) 5 o)

That is,

ulz) = - /Q H(y — ) — 6" (4)| D(y(y — 2) Du(y))dy

OH o¢*
_ /8Q Yy = 2)uy)l, (v —2) = 2~ W)ldo(y)

Now, let’s define our “Green’s function”, G(x,y), to be
G(z,y) == H(y—z) — ¢"(y)

Thus,

u(r) = — /Q G(z,y)D(y(y — =) Du(y))dy — / Yy — w)U(y)gff(w, y)do(y)

o0
Now if we suppose that u solves the Dirichlet problem,

D(yvDu) =0 in Q
u=g¢g on 0L
we obtain that

u(z) = — /aQ Yy — w)g(y)aaf(ﬂz y)do(y).

[See [1] for an analogous derivation for the Laplacian.]
Now, given a nice enough domain we can calculate G(z,y) in a similar fashion as the
Green’s function associated with the Laplacian. This calculation for u(z) is ONLY valid
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at the point x, which is the center for which  varies radially outward. Since, we have this
value at the center, it seems reasonable that one might be able to approximate u in a small
ball about z, though we have not explored much into this, nor do we personally know of
any techniques that might be useful in such an exploration.

2. CALCULUS WITH ITERATION

For the following, let 2 C R™ be open, bounded and have smooth boundary and let g be
a sufficiently smooth boundary condition. Now we define a sequence of functions in C?(€2),
with vy satisfying

—Avg=0 inQ
vp=g on Jf)

and then iteratively, we define v,,,n > 1 by

—Av, =Dy -Dv,—1 in
Up =g on 9Q

Now, if we let ¢ = log(7y), and take the limit as n — 0o, we obtain the electrical conductivity
equation under Dirichlet boundary conditions. The above two PDE’s are just Laplace’s
equations and Poisson’s equation with Dirichlet conditions and so we have a well defined
Green’s function and representation formula. For vy we have the following:

vo(x) = — /m g(y)gf(w,y)da(y),

where G(z,y) is our Green’s function for the Laplacian and v is our outward pointing
normal. Similarly for v, we have:

oG

Un:/QG(J:7y)DSO'DUn—ldy_/ g(y)g(wvy)da(y)-

o0

We would like to take the limit of both sides, to give us a representation formula for the
limiting function v which would solve the electrical conductivity equation. In order to
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bring that limit on the inside we need to analyze the integrand, so let’s look at Dwv,,. Now,

oG
Dun(w) = D: | Gla) D Doysdy = Ds [ a(0) 5 0.9)do ()

o0

z/DxG(x,y)Dcp-Dvn_ldy—/ 9(y) Dy - DyG(z,y)v(y)(z, y)do(y)
Q o0
~ [ DG )Dg - Dunsdy~ | 9Dy DGl y)r(w) 1))
Q o0
_ / DG(x,) D - Doy 1dy / 9(9)AG (@, y)w(y)do(y)
Q o0

= = [ AGGg) @D + DG A1y
Q
oG
+/ eDvy 1 ——(z,y)do(y) — / 9(y)AG(z,y)do(y)
o0 ov o0
o(x)Dup—1( /DG z,y)pDy - Dvy,_ody

+ [ oDu. 1§G<x Do) = [ oG ln)doty)

LY oG
;@ i)+ [ 03 0 Do )G ) )

—/ 9(Y)AG(z, y)v(y)do(y).
o0

Notice that since Dv,, is dependent on Duvy, k € {0,1,...,n — 1}, we could then apply the
same formula to Dv,_1 and it would be dependent on Duvg, k € {0,1,...,n — 2}. Hence,
by repeating this, we see that Duv, is only dependent on Duvg. Actually finding this form
of the representation has been quite difficult. Dv,, gets ugly really quickly if it’s written
out explicitly. Here are the first 3 calculated Duv,, with B := [, g(y)AG (z,y)v(y)do(y):

9 ) oG
DUI = ﬂD’UO + 00 FD OaidO' —

R 11 e
Duy = ¢*Dug( = + o) (1'+1)B+(1|1'+2')/6¢Dv08da

4 oo [ 5 [ 20C [ 8

@ Dy —dd
11 Joo 11 Ty o0 11 v 0y, 17

o 1!
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¢3Dv0[1|1111v+%+%+ 3l [¢2(1;1| 21')+ﬁ+1]3
+¢2(11111 +21) ¢D 0(?)Gd * iﬁ(nlpjL 1)/¢2DU0?9GdU

/¢3 TR + ﬁ + % + ;]Dvogada

‘f’ ﬁz(j d voaGdada+/¢2 (5777 + TS g(j ¢Dvoz—Gdado—
-4 % ZGd /<¢2<Jp+§'>+fﬂ> ZGd %%f ? %G“

and Dvyg would have its own page had it been included. We are unsure as of yet, if we can
find a somewhat nice form for Dwv,, and if that form converges.

3. WEAK SOLUTION ITERATION

In this section, we are using the same iteration technique as in the previous, except we
will be working in a weak sense. Because of this, we won’t have a Green’s function or
a nice representation formula, but we can use a lot of the same calculus techniques that
we used previously, because of the test functions being paired with the our set of PDE’s.
Let 2 C R™ be open, bounded and have smooth boundary. Then we recursively define a
sequence, u,, to be weak solutions to Poisson’s and Laplace’s equations under Dirichlet
boundary conditions. That is, define uy such that

0= / —Augvdr = / Duyg - Dvdz for all v € HJ ()
Q Q
and ug = g on 9L in a trace sense. Then we define u,, by
/ —Auyvdr = / Dy - Duy,_qvdz for all v € Hé(Q)
Q Q

and u, = g on Jf) also in a trace sense. Now notice that by taking the limit at n — oo and
assuming (for now) commutativity of the limit and integral, we would obtain a limiting
function, u such that

/ —Auvdr = / Dy - Duvdz for all v € HY ()
Q Q

and v would also equal g in trace on the boundary. Hence u would be a weak solution to
the conductivity equation; that is, if ¢ = log(y) and

—Au=Dyp-Du in
U=y on 0f)
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in a weak sense.

We would like to find a representation of u (or at least Du) in terms of the weak solutions
that we do know, more specifically in terms of ug, the weak harmonic function. Now, we
consider

/Dun-Dvd:I: = / Dy - Duy,_1vdx
Q Q
= —/ ©(Atp—1v + Duy—q - Dv)dx
Q
= / —Aup—1(pv)dr — / @Duy—1 - Dudx
Q Q
= / Dy - Duy,_o(pv)dz — / wDuy,_1 - Dvdzx
Q Q

= —/ O(Aup—2(pv) + Duy—g - Dov + @Duy—9 - Dv)dx — / ©Duy,_1 - Dvudx
Q Q

1 2 902 '
= —/ Aup_o(p v)dr — / [~ Dup—o + = Duy—1] - Dvdx
2 Jq 02 1

1 / - I
= — | —Aug(p™v)dx —/ —Duy_; - Dvdx

n J
= — Z S%Dun,j - Dvdzx
- J]:
j=1"4¢

for all v € H}(£2). Note that we used the fact that /v is at least still in H}(Q2) and so we
could apply our weak definitions. Therefore we end up with the following equation:

Z/ FDun,j - Dvdx = 0,
j=078% 7

or that
2 n

Duy, + ¢Dup—1 + %Dun,g 4+ 4 %Duo =0

in a distributional sense. We feel like this sequence {Du,} should converge in some sense,
but we have not been able to give a proof of such a result. Similarly to section two, it
seems like we can write Du,, in terms of just Dug, but there are more technicalities to be
considered in this case.
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